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Abstract

We introduce a fifth language accepting machine called
the PDA-T, demonstrate some of its interesting formal
properties, and show its role in the §-Calculus'. Based
upon this new machine and the §-Calculus’ other prop-
erties, we demonstrate the §-Calculus’ formal Turing
Power, and then propose a formal language classifica-
tion (the §-Hierarchy), derived largely from the Chomsky
Hierarchy, but with a fifth class of language accepted by
the PDA-T. We show that this modified hierarchy yields
several conceptual benefits over the standard four ma-
chine Chomsky Hierarchy. We also provide some practi-
cal examples of the use of §-grammars in context-
sensitive and semantic parsing.

Keywords: context-sensitive parsing, adaptive gram-
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1 Introduction

The efficient parsing of context-sensitive lan-
guages holds the interest of many researchers, since
it has application in natural language parsing
[Boullier 1998], in the formalization of program-
ming language semantics [Christiansen 1988 and
many others], and in the solution of classically dif-
ficult to parse languages [Boullier 1999b]. Al-
though linguistic formalisms such as those first in-
troduced by [Chomsky] technically and theoreti-
cally allow for the parsing of all decidable lan-
guages, pure grammar formalisms can be somewhat
cumbersome to work with when attempting to write
correct grammars for non-trivial Type < 2 lan-
guages, and moreover, devising efficient algorithms
to process the formalisms is a difficult problem.

Many different syntactic extensions to standard
pure grammar formalisms have been suggested:
from [van Wijngaarden] grammars, to attribute

! The § symbol, used in this context, is pronounced meta-ess.

grammars [Knuth], to extended attribute grammars
[Watt & Madsen], and onward to self-modifying (or
adaptive) models. Our own research has been in the
area of an adaptive formalism called the §-Calculus.
In this paper, we discuss this formalism more rigor-
ously than we have to date, and demonstrate that §-
grammars are a strong contender for those parsing
tasks that require context-sensitivity brought about
by an efficient, compact notation that also has
shown itself in real-world parsing tasks to map well
to efficient implementation.

1.1 Prior Artin Adaptive Models

Since [Christiansen 1990] and [Shutt] already
adequately survey many adaptive grammar models,
we will only briefly discuss adaptive formalisms
that have already been proposed, without providing
a comprehensive survey.

Adaptive language models have appeared under
various names, including: modifiable grammars
[Burshteyn], adaptable grammars [Christiansen
1990], dynamic grammars [Boullier 1994], recur-
sive adaptable grammars (later called recursive
adaptive grammars) [Shutt], Christiansen Gram-
mars (so called by [Shutt]), and §-grammars [Jack-
son 2000a]. [Shutt] defines the more general adap-
tive grammar model as: “A grammatical formalism
that allows rule sets (a.k.a. sets of production rules)
to be explicitly manipulated within a grammar,” and
further divides specific models into imperative
(those whose rule sets vary over time) and declara-
tive (those varying over space). Since Shutt’s time
or space division does not take into account that
adaptive models may allow for grammars that vary
in both time and space, we will define such gram-
mars as time-space” adaptive grammars, rather than

2 First coined in [Jackson 2000c] in an informal context and
sufficient for our purposes.
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as “imperative-declarative” adaptive grammars,
which we feel would be an awkward appellation.

Another model, following findings first de-
scribed by [Neto], which appears to be along the
lines of research into Self-Modifying Finite Auto-
mata [Shutt & Rubinstein], evolved into adaptive
formalisms as discussed in [Neto & Moraes], and
[Iwai & Neto].

Various features of adaptive grammars have
also surfaced in [Furse] and [Balmas], but these will
not be discussed, except to note that adaptive fea-
tures have appeared in various formalisms as aug-
mentations to grammars use to achieve some end
within a larger context.

[Carmi] recently introduced Adapser, an
LALR(1) based adaptive parser, and has presented
that system’s LR core as a fundamental strength of
the Adapser system. However, since many of the
above formalisms are proven to be Turing Powerful
by their respective inventors, and we, too, later in
this paper, will show the §-Calculus to be a Turing
Powerful formalism, we shall avoid assumptions of
a model’s utility based upon the underlying imple-
mentation, since all TP systems shall be held to be
of theoretically accepting power above that of their
core engines.

1.2 The §-Calculus

Definition 1.0: As first introduced in [Jackson
2000a] and later refined in [Jackson 2000b], [Jack-
son 2001], and [Jackson & Langan], and further
refined in the present paper, a §-grammar is defined
by the septuple3 §=(Vn, V1, G, S, Q, P, ®) such
that:

e Vy is a finite set of non-terminal variables

Vr is a finite set of terminal variables

C is a potentially infinite set of sets (called
classes) of sequences of terminal symbols or
rules in the form allowable to P (below)

S eVy is a distinguished element of Vy called
the start symbol (or axiom) of the §-grammar

Q < (Vyu Q) is a distinguished potentially in-
finite set of predicates (or terminal qualifiers)

* Formerly a sextuple. The component @ is first introduced
herein. Although the §-Calculus has been augmented, the prop-
erties of previous versions of the calculus still hold in this
newer version.

P is a set of productions of the form' X—Y
such that:

Xe(VyulCandY € (VU ViU CuU
@)’ (See note’.)

Y, through ¢-expressions or through bind-
ing expressions in the form (o), where o €
(VyU Vi U C U @), can (optionally) ei-
ther populate or depopulate C, where
population adds members to C, and de-
population removes members from C.
Population may be either global in scope or
local to the production, and may be condi-
tional upon the successful acceptance of the
invoking (or super) production.

@ is a finite set of ¢g-expressions. (Discussed in
some detail later.) O

2 Results

Our interesting results can be categorized as
theoretical (new observations in language theory)
and practical (empirical observations). We will fo-
cus herein mostly upon the first group of results.

2.1 Some Theoretical Results to Date

We have found that the traditional four accept-
ing machines (that is: finite state automata, push
down automata, linear bounded automata, and Tur-
ing Machines), although surely sufficient to de-
scribe all of the machines required to parse each of
the four classifications of languages known as the
Chomsky Hierarchy, leave a bit to be desired when
one arrives at the Type 1 languages. Indeed, that the
four class system has shown to be not entirely suffi-
cient conceptually is seen in the fact that some
models propose extensions to grammars in order to
parse a subset of Type 1 languages that has come to
be known as the mildly context-sensitive languages
(g.v. [Boullier 1999a, 1999b]). We will now de-
scribe a formal extension to push down automata
that has yielded several interesting results.

* The allowable form of productions has changed since origi-
nally put forth in our previous papers.

> Q was formerly included as a union expression in the defini-
tions of both X and Y, but since Q \ (Vyu C) = , this inclu-
sion relation is implicit, and the formal definitions of X and Y
no longer need include it.
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2.1.1 Extending Push Down Automata with

Name Indexed Tries

Definition 2.0: Let a PDA-T be a push down
automaton that has been augmented such that it ex-
hibits the following additional properties:

e The symbol (, known as the anchor, which is

not in X, but may be in any production, which

may be pushed to the stack when encountered

in a production, and stores with it on the stack
the absolute position of the parse in a stream of
input.

The symbol ), known as the cast, which is not

in X, but which must occur once for every cor-

responding leading ( in a production, where 3 is

a named index that refers to a trie. (B may also

be in the forms (B), B!, -B, and -(B), described

later in this definition.)

Upon encountering the cast symbol, the ma-

chine behaves as if any reference to 3 that oc-

curs in the production is either:

e the string othat begins at the input as
marked by the corresponding anchor and
ends at the point of that cast, or

e the trie B.

If, ultimately, the entire production matches,

and [ is not followed by the symbol !, the string

G is incorporated into the trie [36. If, however,

the index name is preceded by the symbol -, it

is removed from the trie B. If the symbol is en-
closed in parentheses, the most recent addition
to trie B is fetched, and the expression () is
first replaced by this substituted name instead.

(If the B-expression is followed by the T sym-

bol, committal to trie B occurs iff the referring

production is accepted.) 4

What are some properties of this new machine
PDA-T?

First, it is clear that PDA-Ts satisfy Shutt’s cri-
terion (ibid.) for grammar adaptability, since the
extension to the machine allows for the explicit ma-
nipulation of rules in a grammar. The named trie 3
has all of the properties of a regular named produc-
tion that is essentially a series of disjunct literals, so
that the addition or deletion of strings to the trie has
the effect of adding or removing simple productions

® The set of all name-indexed tries is, in fact, the set C of the §
septuple given in Definition 1.0.

to or from the grammar. Furthermore, it can be
proven that PDA-Ts accept some context-sensitive
languages’:

Theorem 1.0: There exist PDA-Ts that accept
context-sensitive languages.

Proof: Let £ = {wew | w € {a,b}}, a well known
context-sensitive language [Boullier 1999a]. Let the
§-grammar G be:

S— (W) c X; // See Note®
W—> a | b;

Figure 2.00

It is clear that G is acceptable to a PDA-T, but
not to a PDA, and that G accepts £. U

As presented in Theorem 1.0, it is clear that a
subset of PDA-Ts behave much in the same way
the common regular expression extension known as
back-referencing (g.v. [Gerdemann & van Noord]),
and indeed, for those regular expression matchers
that accept back referencing, the §-grammar of Fig-
ure 2.00 could be written as:

([abl*)c\1
Figure 2.01

which, according to Definition 2.0, would be ex-
pressed:

((alb) i N
Figure 2.02

Theorem 2.0: There exist context-sensitive lan-
guages that are not accepted by any PDA-T.

Proof: Let £, = {ww | w € {a,b}"}. (Note the

subtle difference between £, and £ above.)

S— (W X;
W—> a | b;

Figure 2.03

For any input string {a,b}", W' will always ac-
cept that entire string and therefore it is always the
case that [X] = 1. Once the entire string has been
accepted, the only remaining possible accepting
production would be required to accept A, and since

" Which obviously no PDA will do.
¥ In previous papers, we used the notation Ne~S— (W*) ¢ N to
denote what is now shown in this production.
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|X] # |A| for any X, S can never be satisfied, there is
at least one context-sensitive language not accept-
able to any PDA-T. O

Since PDA-Ts do not accept all context-
sensitive languages, it may be tempting to classify
the languages accepted by PDA-Ts as weak con-
text-sensitive languages, however this would imply
that the subset of languages acceptable to a PDA-T
that are not also acceptable to a standard PDA is
small. It is possible to show, however, that for every
context-free language acceptable to a PDA, there is
at least one corresponding context-sensitive lan-
guage that is acceptable to a PDA-T.

Theorem 3.0: For every PDA-acceptable context-
free language, there exists at least one PDA-T ac-
ceptable context-sensitive language.

Proof: Let £ be an arbitrary context-free language
accepted by the machine PDA ,,. Let X be the finite
alphabet of £. Let 8 be some symbol such that £ N

)
language £, = {{L)n ON}, which clearly not a con-

= . We can now construct a context-sensitive

text-free language but is acceptable to some ma-
chine PDA-T,,. 4

So far, the languages under consideration have
all involved languages that may include strings of
indeterminate length. Are there any interesting
properties of PDA-T acceptable languages that are
of determinate length? It turns out that, in much that
same manner that permutation phrases [Cameron]
act as a compression notation for a finitely large
underlying Type 2 grammar, PDA-Ts of determi-
nate length also serve as a compression notation.
(See also [Wolff].)

Theorem 4.0: If, for a §-grammar G that accepts L,

every marked subexpression of a PDA-T accepts
input of determinate length, there exists a rewritten

grammar G, that is acceptable to a PDA that also
accepts L. (That is, if no trie in G is of indetermi-
nate size, there exists a Type 2+ grammar G, that
also accepts the L.)

Proof: Consider the language £ = {wéw | w={Z}",

1<n<ow,dnZ=}. The number of possibilities
for w is finite; if we represent each unique permu-
tation for a given n as X, it is clear that a production

‘P; can be written in the form: P—Z;0%; for every
w. The axiom of grammar G, can be written in the

form S— Py | Py | P2 ] ... | Py, where £ is the number
of unique permutations formable from {X}". Since k
is finite and a finite grammar of the form of G, is
clearly Type 2+, there is a finite expansion of G that
accepts £. U

It is also interesting to note that if every refer-
ence to a trie B is substituted with the name of a
production o, and o is formulated such that it ade-
quately describes all binds to B, the context-free
language that results from this substitution can be
checked for correctness in the standard manner, and
we can therefore know that the PDA-T grammar is
at least as correct as its expanded counterpart.

Theorem 5.0: If a §-grammar G describes a lan-

guage L acceptable to a PDA-T, that grammar is at
least as correctly formed as some corresponding
context-free grammar G,.

Proof: Let A be the set of all a-expressions bound
to the named trie B in G. Let n = |A|. Let B be the
set of all such sets A. For every B3;, we can construct
a context-free production Pi— Ay | ... | A,. If we then
replace every expression (A;)s with A; and replace
every reference to B; with P, it is clear that we now
have a grammar G, that also accepts at least £. 1
There are languages acceptable to PDA-Ts that
are interesting on their own merits (that is, lan-

guages that do not necessarily demonstrate any par-
ticular formal property, but are interesting on a

pragmatic level). Consider the language L, de-

fined by the PDA-T acceptable grammar Gi,;r:

S— A" (Wy " is a " (N).T "2";

A-) <W>N n:n <W>(N).T n;n;

W— '[a-z]+'; // See Note’
Figure 2.04

% Expressions in single quotes are understood to be standard
regular expressions.
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In other words, Gy.ir accepts any of the follow-
ing strings:

dog=canine;sedan=car;dog is a canine?
cat=feline;a=letter;a is a letter?

Figure 2.05
but rejects the following strings:

dog=canine;sedan=car;dog is a car?
cat=feline;a=letter;a is a thing?

Figure 2.06

As shown in [Jackson 2001], PDA-Ts can also
be used to create what are therein called disambigu-
ating antecedents, allowing for the proper parse of
classically ambiguous sentences as “Fruit flies like
a banana” and “Time flies like an arrow™:

The word "flies" is a noun.
Fruit flies like a banana.
The word "flies" is a verb.
Time flies like an arrow.

Figure 2.07

2.1.2 Extending §-Grammars with Predicates

If we further extend our formalism to allow the
inclusion of predicate expressions in productions,
further results are yielded. Our predicates are simi-
lar to those found in Range Concatenation Gram-
mars [Boullier 2001 and 1999a], except that, unlike
in RCGs, predicates are not parameterized, and
there are no built-in predicates for such properties
such as string length. In the §-Calculus, predicate
expressions exist in two forms: firee and bound.

Bound predicates are expressed in the form
{a}°, where o= (Vy U Vr UQ U C U @)  of the §
septuple and 6 € O, where Q is a set of distin-
guished productions in the grammar'. Consider the

§-grammar G:

S— {A}";

A_> l.*';

WH "(" l[a_ZJ+' ")";
Figure 2.08

The production 4 matches any amount of any-
thing. That matched substring is then tested against

10 That is, Q e (Vy U C), where Vy and C are those two com-
ponents of the § septuple.

the predicate W, which only accepts strings in the
form of an alphabetic sequence surrounded by pa-
rentheses. In other words, the terminal lexeme satis-
fied by 4 is further qualified by W (which is why
predicates are also called terminal qualifiers). The
language accepted by S is therefore the intersection
of languages accepted by 4 and W.

Free predicates are expressed as a W-expression
in the form ‘P(oc)e, where o € {Vy, V1, C}* and 0O is
as for bound predicates. Unlike in the case of bound
predicates, o does not accept input, but instead gen-
erates input that will be fed to 0 by V. Consider the

§-grammar G,:

S— <A>NI \Ij(n(n N n)n)W;

A X'

- n(n '[a—2}+' u)u’.
Figure 2.09

It is clear that G, no longer accepts the same

language as G shown in Figure 2.08, even though W
has not changed. The local bind to N of the lexeme
that satisfies production A, being the most recent
bind to V, is expanded by the W-expression. The V-
expression generates input for W that is not the
same input that was encountered in the input during

the acceptance of 4. Taken as a whole, G, now is

seen to accept strings of lowercase alphabetics of
any length.

2.1.3  On the Notational Compactness of the §-

Calculus

In practice, the §-Calculus has proven to be a
concise notation.

Demonstration 1.0: Let £ = {a"b"c"d" | n, m > 1},

a context-sensitive relationship referred to as cross
agreement. Let G be the §-grammar:

S— (@D Nx(cHyy P (W Y)? (d+)z P (X 2)° ;
A—> a [A]
B—> b [B]

C;
dfy

Figure 2.10

The language L is expressed in the §-Calculus

notation as three productions. Since none of the
binding operations are global, the grammar varies

over space, and G is therefore declarative, by
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Shutt’s categorization. Moreover, in practice, when
a parser generated by the Meta-S Grammar Devel-
opment System'' is presented with an input stream

that contains L prefixed with “junk” (that is, a

string of potentially but ultimately non-matching
matching “noise”), it is located within the stream in

near O(n) time. U

Demonstration 2.0: Let £, = {ww | w € {a,b}"},
the context-sensitive redoubling language discussed
in Theorem 2.0. Let G, be the §-grammar:

S—> ¢(}\4>A.X Rp
R—> ({(alb)e; §(A.X C)lax ¢(A.X)y N) |

Figure 2.11

R;

Of note are the ¢-expressions'” in the form
d(a)g (Where a € {Vn,V1})). For each distinguished
B, the §-grammar is understood to contain an im-
plied production P— (w)s and the ¢-expression is
then understood to actually be the W-expression
W(a)”. (The ® operator in (®)y accepts any and all

input, since it is the sole operator of the produc-
tion.) Thus, every ¢-expression has the subtle but
important effect of binding to a named trie B even
in the absence of an associated left subexpression in
a production, which is to say, it behaves as an un-
conditional assignment to a trie 3 by means of an
implied associated predicate. It follows that a §-
grammar containing a non-empty @ set is not ac-
ceptable to a PDA-T, since the PDA-T definition
says nothing of predicates. (More on this will fol-
low later.) Since no trie may be referenced by o or
by any production in the grammar until it has been
part of a binding expression or ¢-expression, the
fixed bind of A to 4.X in S (namely ¢(A)a x ) has the
effect of instantiating the trie 4.X so that it may
later be referenced in the production R as part of an
o-expression.

The language £, is thus expressible in the §

notation in as few as two productions. As in the
case of Demonstration 1.0, in practice, when the

" A commercial grammar development system available at the
URL: http://www.sand-stone.com/Meta-S.htm.

"2As mentioned in Definition 1.0, ¢-expressions are a new
component of the §-Calculus, first introduced formally herein.

Meta-S parser accepts an arbitrary-prefixed £, in

near O(n) time. 4

Demonstration 3.0: Let £; = {{ao, ai, ..., an} |

ap 21, ais1 - a;=1,i <n}. If we consider that in suc-
cessor notation 1 = s(0), it is clear that £; = {s(n),
s(s(n)), ...} for any n, and we can express this lan-
guage as an §-grammar G; thus:

SH ¢("S(")N ¢("S(")P "{" E "}";
E— ¢(S.N)x, X '0-9"+ S.P ¢(S.N "s(")s.y
O(s.P ")")sp ["," EI;

Figure 2.12

Of note in the above §-grammar is the scoping
of the tries N and P. When referred to in the pro-
duction that instantiates these tries, they are simply
N and P. Outside the context of S, however, they
must be referred to using a dot notation that speci-
fies the context in which they were created. The use
of the temporary bind to X in E. This is required due
to the fact that S.V is a trie, and not a simple string.
Since when a trie is an argument in a ¢-expression,
it expands to the most recently committed member
of the trie, ¢(S.N)y X has the effect of creating a
string in X, rather than the complete trie. (Other-

wise, G; would accept an entirely different lan-

guage: a sequence of integers that are successively
one higher than the highest integer already encoun-
tered or any of those integers that have already been
encountered.)

As with Demonstrations 1.0 and 2.0, in prac-

tice, G; accepts an aribitrarily-prefixed £; in near
O(n) time. 1

Demonstration 4.0: Let £, = {a"b"c™" | m, n > 1}.

Let G4 be the §-grammar:

S—> ¢(Mpx A B ¥P((A.X)" C ¥(D.X C.X)°;
A—> ("at+'")y;
B> ("bt' )i
C— ('c+")x;
M= ("a" ¢(D.X B.X)p.x) s
D— "b" [D] "c";
Figure 2.13

Of note is M, an adaptive predicate [Jackson
2000b] that has the side-effect of generating a string
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of mn b’s. (For every a in A.X, one B.X is appended
to D.X) For every b in the generated D.X, the
predicate D accepts an equal number of ¢’s, and

thus G, accepts £4. U

With these extensions of the §-Calculus (the
PDA-T machine, and ¥ and ¢-expressions) now
firmly in place, we can proceed to our proof of the
formalism’s Turing Power.

Theorem 6.0: For every recursively enumerable set
L there exists an §-grammar G that recognizes L.

Proof: It is known that for every recursively enu-
merable set there exists a Turing Machine that ac-

cepts that set. Let the Turing Machine M be de-

fined as the septuple M = (O, X, T, 5, qo, B, F).
Each of these seven components has a direct map-
ping to a § construct:

e (O is a finite set of states. State in § can be rep-
resented by some string ¢ in some named class

S.

Y 1is a finite alphabet. This alphabet can be rep-
resented in § by a regular expression & that ac-
cepts this same alphabet.

I' is a finite set of tape symbols. This can be
represented in § by two tries 7; and 7, that be-
have as stacks'’, where 7 represents the tape
“to the left” of the read head of the machine,
and 7, represents the tape “to the right” of the
read head, and the catenation 7,7, = /. Let the

read head be represented as H.

O is a transition function. This can be repre-
sented in § by a predicate production P that ac-
cepts a catenation of S and H, with each unique

SH mapping to a modifying set of statements

that set the current state S, and either “moving
right” (popping from 7, into a temporary regis-
ter », pushing r into 7;), “moving left” (popping
from 7 into  and pushing » into 73), “erasing”
the current symbol (popping from 7, and push-

13 Since the most recently added member of any trie is returned
when referenced the a-expression of any ¥ or ¢-expression, it
follows that that most recent addition behaves as any string
would, and since a string may be used to emulate a "stack," by
adding and removing items from its head, these tries also can
emulate stacks.

ing a blank into 7)), or replacing the current
symbol (popping from 7>, and pushing the new
symbol into T7).

qo 1s the initial state. This can be represented in
§ by setting S to the start state of the machine

before consuming any of the tape.

B is the blank symbol. This can be easily repre-
sented in § and requires no further explanation.
F is a set of final states. This can be easily rep-
resented in § and requires no further explana-
tion.

It follows that, since each of the components of
an arbitrary Turing Machine M has a mapping in

the §-Calculus, for every M there is a correspond-

ing §-grammar G. O

2.1.4 The §-Hierarchy of Languages

The groundwork has now been laid for the in-
troduction of a modified hierarchy of language

types:

Definition 3.0: Let us break with tradition for a
moment and modify the Chomsky Hierarchy, call-
ing our modified version the §-Hierarchy so that it
can be distinguished from the standard hierarchy. It
shall consist of:

e Those languages acceptable to a finite state
automaton, which we shall call the §-Type 3
languages, in keeping with the Chomsky Hier-
archy’s classification of such languages.

Those languages acceptable to a push down
automaton, which we shall call the §-Type 2a
languages.

Those languages acceptable to a PDA-T, which
we shall call the §-Type 2b languages.

Those languages acceptable to a linear bounded
automaton, which we shall call the §-Type 1
languages.

Those languages acceptable to a Turing Ma-
chine, which we shall the call §-Type 0 lan-
guages. U
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If we diagram their relationships to one another
as shown below in Figure 2.14, we can see that
those languages that are classed by Definition 3.0 as
the §-Type 2b languages fall into what are tradi-
tionally the Chomsky Type 1 languages:

Figure 2.14

Is there any new insight offered by this slightly
more granular classification? Indeed, by classifying
some of what were once a subset of Type 1 lan-
guages as Type 2b, several observations become
evident:

The §-Predicate Lemma: No §-grammar G is §-

Type <2 unless |G .Q| > 1. (Where G .Q is G’s “Q
set” in the § septuple.)

Proof: Consider the §-grammar shown in Demon-
stration 2.0, which, as already discussed, contains
¢-expressions. These are really a notational short-
hand for a special form of W-expressions. For every
d-expression in an §-grammar, there is a corre-
sponding implied W-expression and its predicate.
Thus, any §-grammar with a non-empty @ set im-
plicitly has a non-empty Q set. Since §-Type 2b are
by definition are PDA-T acceptable languages, and
since, for PDA-T acceptable languages, O = O, it
follows that every §-Type 1 or 0 §-grammar must
have a non-empty Q set.

The §-Predicate Lemma turns out to have some
interesting implications. Since Q — (Vy U C), we
know that:

Theorem 7.0: Every §-Type < 2 §-grammar is a
grammar-union of two or more §-grammars that are
§-Type> 1.

Proof: Every member P; of Q is effectively the

axiom of a subgrammar within a §-grammar whose
primary axiom is S. If any of these subgrammars in
turn reference predicates, they effectively have O
sets of their own, recursively, until there exists

some subgrammar level such that Q = . A conse-
quence of the lemma is that every §-Type < 2 §-
grammar consists of two or more §-Type > 1 §-gram-
mars. U

Why is it important to show that every §-Type 1
or 0 §-grammar is a grammar-union of §-Type > 1
§-grammars? Since Theorem 5.0 shows that such
grammars are as correctly formed as their less re-
strictive context-free counterparts, we hypothesize
that the number of context-sensitive languages that
can be rigorously checked for ambiguity and other
errors by checking their constituent §-Type 2+ sub-
grammars is greater than the number of languages
that can be checked for such ambiguities using a
pure grammar formalism such as Chomsky Normal

Form. It is true that the G of Theorem 5.0 poten-
tially accepts fewer languages than G, since G is
more constrained then G,, but since G, at least ac-
cepts L, checking for the standard errors in G, at the
very least verifies the overall correctness of G.

(That is if G, is not correct, G cannot possibly be.)

Also, since a practical implication of Theorem
4.0 is that many (what appear to be) context-
sensitive §-grammars in fact contain tries of deter-
minate length, these practical languages are there-
fore at least in principle acceptable to a PDA, even
if a PDA-T is used in practice."*

Finally, since §-Type 0 and Chomsky Type 0
correspond exactly, we can know that a language is
not Type 0 if it can be accepted by a §-grammar
that contains no ¢-expressions and has an empty Q
set. This is not as constructive a proof system as the
pumping lemma, since it relies in part on the gram-
mar construction skill of human beings'®, but it has
some utility in practice.

2.2 Other Practical Results to Date

In Demonstrations 1.0 through 4.0 we gave ex-
amples of classical context-sensitive languages that
are compactly expressed in the §-Calculus notation

' Consider, for instance, that no programming language source
file is infinitely long.

' That is, ¢-expressions and predicates are so useful in practice
that it is tempting to use them when developing grammars even
if they are not formally necessary. Eliminating them if they are
not strictly needed is somewhat of an art.
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and parsed in practice within optimal expected per-
formances. Such canonical languages have, by far,
not been the extent of our parsing successes with §-
grammars.

We have implemented an §-grammar, ex-
pressed in A-BNF'’, that accepts a dialect of a BA-
SIC language we call Fermat.'” This grammar dem-
onstrates a formal definition of a language that en-
forces these conditions::

e Variables must be of a declared or built-in type
at declaration.

Variables must be declared in any one of the
following ways before use:

Globally,

As a parameter in the function header at
function implementation,

By the use of a DIM statement.

Variables can be declared once and only once
in a given scope.

Functions must be declared before use, in one
of the following ways:

e By the use of the declare function statement
in the global scope,

By the implementation of a body before in-
vocation.

Function can be declared multiple times, but
must only be implemented once.

Boolean expressions are expected in the expr
position of IF ... THEN END IF blocks, and
boolean expressions must consist only of built-
in boolean operations on variables, numeric
variables, or functions declared as returning a
BOOLEAN type.

FOR NEXT blocks must have a NEXT that re-
fers to the same variable as was referred to in
the FOR statement.

The iteration variable of a FOR statement must
be of a numeric type.

Any function that is part of a string concatena-
tion expression must have been declared as re-
turning a STRING. (Variables in such expres-
sions must be of STRING type.)

'8 Adaptive Backus-Naur Form: an extended form of EBNF
that allows the expression of §-Calculus operations in a form
that is easily saved in flat ASCII files.

'7 The §-grammar described here is available from the URL:
http://members.shaw.ca/qjackson/cs/metas/fermatparse.html

The §-grammar that effects all of the above
checks consists of 63 productions and has shown

near O (n) parse times in practice on cooked input.

In [Jackson 2002], we discuss an §-grammar
that begins accepting HTML or XML, but upon
accepting an XML tag, accepts only XML (that is,
stricter) style tags from that point in the parse for-
ward. This experiment yielded an adaptive grammar

that accepted properly formed XML in O(n) time.

3 Conclusions

In this paper we have introduced a fifth lan-
guage accepting machine model, the PDA-T, and
have shown some properties of this machine as it
relates to our §-Calculus. We have also further ex-
plored the formal underpinnings of the §-Calculus,
and have proposed a modified hierarchy of lan-
guages and briefly explored some of the §-
Hierarchy’s implications. Finally, we have dis-
cussed some of the results of practical tests carried
out with our adaptive parsing engine, the Meta-S
Grammar Development System.

4 Areas for Future Work

As has been noted in [Jackson 2002], we feel
work in grammar inference from input such as that
done by [Nevill-Manning] should be further ex-
plored in order to determine if grammatical infer-
ence has any promise when intermingled with
adaptive grammar theory. Some of our present
findings suggest that it may be interesting to ex-
plore how the §-Hierarchy fares when seen in this
context. In this same area, although an error recov-
ery mechanism has been placed into the parsing
engine itself, its consequences should be further
explored, since error repair (as opposed to simple
recovery), in an adaptive grammar formalism, may
benefit from work such as that of [Denis] and the
genetic algorithm grammar inference of [Losee].

Finally, we feel that more investigation should
take place on the implications of the five machine
§-Hierarchy, in order to determine if there are sig-
nificant conceptual insights if this model is pursued
further. Hypothesis 1.0 bears formal investigation.
Our focus in this area will be to further investigate
the formal properties of the §-Type 2b languages,
such as the notion that these grammars are a formal
compression equation for §-Type 2a grammars,
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even for those that accept languages of indetermi-
nate length [Wolff].
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